Abstract. Let F be a field of characteristic p. We show that HomF Σn (S λ , S µ ) can have arbitrarily large dimension as n and p grow, where S λ and S µ are Specht modules for the symmetric group Σn. Similar results hold for the Weyl modules of the general linear group. Every previously computed example has been at most one-dimensional, with the exception of Specht modules over a field of characteristic two. The proof uses the work of Chuang and Tan, providing detailed information about the radical series of Weyl modules in Rouquier blocks.
Introduction
For Specht modules S λ and S σ of the symmetric group Σ n , very little is known about the space Hom F Σn (S λ , S σ ). In odd characteristic this homomorphism space is isomorphic to Hom Sn (∆(λ), ∆(σ)) where ∆(λ) is the Weyl module for the Schur algebra, S n . In every previously known example for the Weyl modules, and every known symmetric group example in odd characteristic, the dimension of this space is at most one. Cox and Parker were able to find an upper bound of one on the dimension of the homomorphism space between a particular class of Weyl modules [3, 4.4] . They wrote, "One might hope that all Hom-spaces were at most one-dimensional ... However while we know of no examples of Hom-spaces for induced modules which are greater than one dimensional, this may simply be because such Hom-spaces are known in certain very special cases." [3, 4.6 .3] Cox and Parker later proved that the dimensions of the Hom-space between the Weyl modules for SL 3 (k) were also bounded by one [4, 5.1 ]. Fayers and Martin were able to improve upon the Carter-Payne homomorphisms, which yielded new homomorphisms between Specht modules [5, 5.2.22 ], but still found no examples of homomorphism spaces with dimension greater than one. Murphy has shown in characteristic two that a Specht module can be decomposable with arbitrarily many summands, which implies the Hom-space from a Specht module to itself can have arbitrarily large dimension [9, 4.4] . However this result implies no consequences for the Weyl modules of the general linear group. The author would like to thank the referee for his or her comments and suggestions following the original submission of this paper.
Preliminaries
Let Σ n denote the symmetric group on n elements and F a field of characteristic p, where p is an odd prime. Let Λ denote the set of all partitions. For a given partition λ = (λ 1 , λ 2 , ...), let λ ′ denote the conjugate partion and let λ ⊢ |λ|.
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We will call λ p-singular if λ i+1 = ... = λ i+p = 0 for some i and say λ is p-regular if it is not p-singular. If λ ′ is p-regular we say λ is p-restricted.
Denote S λ as the Specht module of F Σ n associated to the partition λ [7, 8.4] . Over a field of characteristic zero the Specht modules are a complete set of non-isomorphic irreducible modules, but they are defined over any field. Let S(λ) = (S λ ) * be its dual module. If λ is p-restricted, let D(λ) be the unique irreducible quotient of S(λ). The set {D(λ)|λ is p-restricted and λ ⊢ n} forms a complete list of the irreducible modules for F Σ n . We will use this notation for simple modules to keep consistent with the work of Chuang and Tan [2, 2.3] . Note that S λ ∼ = S(λ ′ ) ⊗ sgn where sgn is the sign representation. Thus for λ p-regular, D λ ∼ = D(λ ′ ) ⊗ sgn where D λ is unique simple quotient of the Specht module S λ .
To each partition λ and prime p we associate a p-core, core(λ), and a p-quotient
where λ i ∈ Λ for each i. That is to say the p-quotient of λ is a p-tuple of partitions. Once again we will choose notation to be consistent with Chuang and Tan [2, 2.1]. We will choose to display λ on a James p-abacus [8, 2.7] , with p runners labeled 0, 1, ..., p − 1, such that if all the beads were pushed to the top of each runner, the first empty node would appear in the 0-runner. Then λ i can be read off of the i th runner. Also λ has an associated p-weight, w, where w = j |λ j |. If λ = core(λ), we say λ is a p-core. If λ is a p-core then the abacus representing λ will have all the beads pushed to the top of each runner and λ i = ∅ for all i. Define ρ to be the p-core which is represented on the p-abacus by placing w + i(w − 1) beads on the i th runner. Let Λ(ρ, w) be the set of partitions with p-core ρ and p-weight w. It is important to note the following two properties of partitions in Λ(ρ, w):
We will let B w be the block of F Σ |ρ|+pw associated to the p-core ρ. The block B w is called a Rouquier block and has particularly nice properties. The work of Chuang and Tan uses these good properties in order to compute the radical filtrations of certain modules in Rouquier blocks. We will use Chuang and Tan's work to look for Specht modules within the block B w in order to find a large dimensional Hom-space. The Specht modules of B w are the Specht modules, S λ , such that λ ∈ Λ(ρ, w). For the remainder of the paper we will refer to the set of partitions Λ(ρ, w) as Rouquier partitions.
Radical Filtrations
Using the notation of Chuang and Tan [2, 6.1] we will define the radical series polynomial for a Specht module. For the remainder of the paper let w < p. Let λ, σ ∈ Λ(ρ, w) and let σ be p-restricted. Define
Thus rad S,λ,σ (v) is a polynomial that encodes the multiplicity of the irreducible D(σ) in each radical layer of S(λ). Chuang and Tan proved the following formula to compute this radical polynomial using the p-quotients of these partitions and the Littlewood-Richardson coefficients. The Littlewood-Richardson coefficient associated to the triple of partitions λ, σ, µ is denoted c(λ; σ, µ), with the understanding that it is 0 when |λ| = |σ| + |µ|.
Theorem 3.1. [2, 6.1] Let λ, σ ∈ Λ(ρ, w) and σ be p-restricted. Then
Observe that this formula implies that for these Rouquier partitions, any given irreducible module appears in at most one radical layer, though an irreducible factor can appear more than once in a particular layer. Using this formula it is possible to find Specht modules that have multiple copies of one irreducible factor. This allows for the possibility of a multi-dimensional homomorphism space between the first Specht module, and the Specht module corresponding to the irreducible factor.
Repeated Composition Factors
Fix k > 0 and define τ = (k, k − 1, ..., 1) ⊢ k 2 +k 2 . Let w = k 2 +k 2 + 1 and fix p such that w < p. Define γ, ǫ ∈ Λ(ρ, w), where ρ is the Rouquier core associated to w, such that
. We will show that dim Hom F Σn (S γ , S ǫ ) = k. For this purpose, we must first define τ (i) to be the partition obtained by adding one addable node to the i th row of τ for 1
. In order to compute rad S,γ,ǫ (v) using (3.1), we need all possible choices for α's and β's so that (4.1)
Figure 1 can be used to help find α's and β's that give non-zero products. To each diagonal connecting γ i to ǫ i we place a β i and to each diagonal connecting ǫ i−1 to γ i place an α i . If c(λ; µ, σ) = 0 then |λ| = |µ| + |σ|. Thus in order for (4.1) to hold, it is neccessary for the magnitude of the partition in the top or bottom row be equal to the sum of the magnitudes of the α and β on the connecting diagonals.
. . .
Since γ j , ǫ j = ∅ for all j ≥ 2 and we need both c(γ j ; α j , β j ) = 0 and c(ǫ j ; β j , (α j+1 ) ′ ) = 0, it is neccessary that α j , β j = ∅ for all j ≥ 2.
Since So each of these choices of α 1 will make
Since τ has k removable nodes and δ(λ,σ) = w − 2 we get (4.2) rad S,γ,ǫ (v) = kv w−2 .
Radical Layers of S(γ) and S(ǫ)
In order to determine if there is a homomorphism from S(ǫ) into S(γ), we will only be concerned with the radical layer of S(γ) below the layer containing the composition factors isomorphic to D(ǫ). First we will prove a simple lemma.
Lemma 5.1. The Loewy Length of S(γ) is ≤ w.
Proof. This follows from 3.1 since
Thus by (4.2), the composition factors isomorphic to D(ǫ) are either on the bottom or the second from the bottom radical layer of S(γ). Next we will show that they are not in the bottom layer and further examine the radical series of both S(γ) and S(ǫ).
It is neccessary to determine which irreducible factors can appear in a layer lower than D(ǫ). Notice that δ(λ,μ) < w − 1 if |µ j | = 0 for any j ≥ 1, so in order for D(µ) to be in the radical layer below the irreducible factors isomorphic to D(ǫ), µ j = ∅ for all j ≥ 1 and |µ 0 | = w.
We need µ with p-quotientμ = (µ 0 , ∅, ..., ∅), where µ 0 ⊢ w, such that
and {β j } p−1 j=0 . Since µ j = ∅ for all j ≥ 1, we get α j , β j = ∅ for all j ≥ 2 and β 1 = ∅. Then . These choices for µ 0 correspond to the partitions µ(i) and for each 1 ≤ i ≤ k + 1,
Thus for each i we get rad S,γ,µ(i) = 1v w−1 .
So for each partition µ(i) we get one irreducible factor D i := D(µ(i)) in the bottom layer of S(γ), below the layer containing the k copies of D(ǫ). Next we will compute the entire radical series for S(ǫ), which will be shown to only have two layers. To find the the entire radical filtration of S(ǫ) it will be neccessary to find all possible µ such that
Since ǫ j = ∅ for all j ≥ 2, we get α j , β j = ∅ for all j ≥ 2, making µ j = ∅ for all j ≥ 2. Because . These choices for µ 0 correspond to partitions µ(i) and for each of these µ(i)
So the bottom layer of S(ǫ) has the exact same irreducible factors as those in the bottom radical layer of S(γ), namely
. Therefore S(ǫ) consists of only two radical layers, a top layer consisting of a lone D(ǫ) and a bottom layer with the same irreducible composition factors as the bottom radical layer of S(γ). The following diagram illustrates the radical layers of S(γ) and S(ǫ):
Radical series of S(γ), S(ǫ).
In the diagrams above we label each layer from top to bottom, {0, 1, 2, ...}. The i th layer of the stacked boxes represents the semisimple module rad i S(γ)/ rad i+1 S(γ) and rad i S(ǫ)/ rad i+1 S(ǫ) respectively.
Specht Module Homomorphism
Next we will show that each copy of D(ǫ) in the second to bottom radical layer of S(γ) will give a F Σ n -homomorphism from S(ǫ) to S(γ) that is linearly independent from the rest. To do this we will use another result of Chuang and Tan. So there is only one copy of each of D i in the second radical layer of P (ǫ). Let
where V j are irreducible factors and l is some non-negative integer. Then V j ∼ = D i for all i, j by Theorem 6.1. Also we have an exact sequence
Since S(ǫ) has radical length of two, we have
Because there are k copies of the irreducible factor D(ǫ) in S(γ) we have dim Hom(P (ǫ), S(γ)) = k.
We want to show these homomorphisms all factor through S(ǫ), so let {φ i } k i=1 be a basis for Hom(P (ǫ), S(γ)).
Lemma 6.2. Q ⊆ Ker φ i for all i.
Proof. rad 2 P (ǫ) ⊆ Ker φ i since rad w−2 S(γ) has Loewy length 2, but there are no composition factors isomorphic to any V j in rad w−1 S(γ), so V j ⊆ Ker φ i for all i, j by 6.2. Thus Q ⊆ Ker φ i Corollary 6.3. There exists a well defined mapφ i : S(ǫ) → S(γ) defined bỹ
Proof. We can see thatφ i is induced from the exact sequence (6.1) and the map φ i .
Now it is left to showφ i are linearly independent, so suppose
but u was arbitrary and the φ i are linearly independent, so a i = 0 for all i. Therefore {φ i } k i=1 are linearly independent.
Thus there are k linearly independent homomorphisms from S(ǫ) to S(γ), which implies dim Hom F Σn (S(ǫ), S(γ)) ≥ k.
Although if we apply Hom F Σn (−, S(γ)) to the exact sequence (6.1) we get
Therefore k is also an upper bound on the dimension, so
We can conclude the following theorem.
and let w = k 2 +k 2 + 1 < p. Let γ, ǫ ∈ B(ρ, w) where ρ is the Rouquier core associated to w, such that
This has a direct consequence for Schur algebras. Let S n = S F (n, n) be the Schur algebra over F associated to homogeneous polynomial representations of GL n of degree n [6] . Define ∆(λ) to be the Weyl Module associated to the partion λ and L(λ) is the unique irreducible quotient of ∆(λ). Carter and Lusztig [1, 3.7] proved that if λ and σ are partitions of n with p odd, dim Hom F Σn (S λ , S σ ) = dim Hom Sn (∆(λ), ∆(σ)).
Therefore our previous result gives following theorem. unbounded as n is allowed to grow?
Note that the technique used in this paper will be of no use in solving 6.6. The formulas developed by Chuang and Tan require w < p, which for a fixed p bounds k by k(k + 1)/2 + 1 < p.
It is interesting to note how large the symmetric group must be to find these Specht modules. If λ ∈ Λ(ρ, k(k + 1)/2 + 1) then |λ| = 1 96 (p 3 − p)(k 2 + k)(p(k 2 + k) + 4) + p(k(k + 1)/2 + 1).
Which means for k = 2 and p = 5, which is the smallest case that we constructed, that n = 275. As we let k increase, n ≈ O(k 12 ). This gives insight as to why examples of large dimensional Hom-spaces are so hard to find and demonstrates the power of Chuang and Tan's work to handle very large partitions.
